In this paper, we solve the one-dimensional linear quartic PoissonBoltzmann equation using lattice-Boltzmann, with a d1q3 velocity scheme. Also, applying the He's semi-inverse method, we get several solitary wave solutions.
Introduction
The Poisson-Boltzmann equation (PBEq) has been success in the physical description of electrolytes [1] . Those solutions are important in Mechanical and Chemical Engineering, with applications, e.g., in gas and oil industries [2] . This mean field theory, PBEq, can be extended to incorporate multivalent ion phenomena [3] , giving rise to new and important physical phenomenology [4] - [5] . This new research field is ruled by the Poisson-Boltzmann one-dimensional quartic differential equation, whose linearized version is the main goal of our work [3] . On the other hand, lattice-Boltzmann [6] and [7] , a discretized version of the Boltzmann equation, has been applied successfully to solve, such a diverse problems, as fluid dynamics, [6] , till research fields such relativistic quantum mechanics [7] . In addition, variational methods have been applied successfully to obtain solitary wave solutions, [8] .
The lattice Boltzmann model
The lattice Boltzmann equation [6] in the B.G.K. approximation [9] , is:
Assuming the source term as Ξ i (x, t) = 2 φ i , [10] . Expanding in a Taylor series, the distribution function, up to fourth order, we have:
Doing a perturbative expansion of the derivatives in time in powers of [6], we get:
And assuming:
The temporal scales are defined as:
Where is a perturbative parameter [6] , and a expansion in it, of the temporal derivative operator
Replacing eqs. (2)- (6) in eq. (1), we get at first and second order in , and assuming f 0 i = f eq , we get the next set of equations:
The moments of the distribution
We consider the moments of the distribution as:
Where δ ij is Kronecker's delta. Also, we suppose the higher orders of the moments distribution as:
4 The 1d Quartic Poisson-Boltzmann equation
Summing on i in eq. (7) and using eqs. (9), (10) and (12) we get:
An now, summing on i in eq. (8) and multiplying by
Using eqs, (10) and (13)
Also, using eq. (12), we have:
Summing eq. (16) to eq. (13) and using eq. (11): Also, i φ i = −(b+1)λ 3 (φ), [10] . Where b is the dimension of the discretized velocity space. Then, we get: using eqs. (6) and (9), at first order:
, λ 1 = (2ξ 2 − 1) and 1 = λ 3 (b + 1) , we get:
5 The equilibrium distribution function
In figure (1) , we show a d1q3 one-dimensional velocity scheme with e α = {0, c, −c} [6] . So, the one particle equilibrium equilibrium distribution function is:
1d Quartic PB equation 6 He's semi-inverse method According to He's semi inverse method [8] , we postulate one functional that satisfy eq. (19). So:
We have the field, φ, to be determined, and we select:
Then, the entire action is: 
We found four families of solutions for eq. (22). Also, we select φ as:
